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Abstract

We study the 3D integer transport coefficients of the electron gas in a tilted
magnetic field with the model of Bloch electrons. Calculations without any
approximation of the relevant basis functions and matrix elements yield the
topologically invariant conductances and their Diophantine equation.

Introduction

Equations for integers, named Diophantine after Diophantus of Alexandria (about AD 250),
are an important topic in the theory of numbers (Fermat, Euler etc) [1]. In the theoretical
physics of condensed matter, they appear as a result of magnetic translational symmetry in
studies of Bloch electrons in a magnetic field exhibiting a quantum Hall effect in two and three
dimensions. For reviews and books see for instance Thouless [2], Sokoloff [3], Prange and
Girvin [4], MacDonald [5], Das Sarma and Pinczuk [6], Thouless [7], Girvin [8].

For two dimensions, such an equation was written for the first time by Wannier [9] in a
study of the location of energy gaps upon splitting of a Bloch band into subbands, then it was
used by Streda [10] in the discussion of the quantum Hall effect in the ‘tight binding’ limit.

Hall conductance calculations in the seminal paper by Thouless et al (TKNN) [11] on
Bloch electrons in a uniform perpendicular magnetic field were based on the Kubo formula,
they also yield such an equation connecting the ‘quantum numbers’ which appear.

More generally, similar equations were shown to yield a labelling of gaps in the energy
spectra of a Schrodinger equation with an (almost) periodic potential. (See, for instance, [12]
and [13].)

Dana, Avron and Zak [14] were the first to show them to be a consequence of magnetic
translational invariance: when the number of flux quanta per unit cell is ¢ = p/g with p and
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q relatively prime, an isolated magnetic subband carries an integer Hall conductance oy and
an integer adiabatic transport coefficient oy such that

pou +qoy =1
with oy and oy Chern numbers.

Kunz [15] was the first to give the physical significance of the ‘second’ topological invariant
oy: it measures, in convenient units, charge transport when the (lattice) periodic potential is
adiabatically displaced.

In previous work [16] (in the following TAH), following Zak [17, 18] and Kunz [15], the
basis functions, matrix element, Hall conductance and adiabatic charge transport coefficient
for the 2D problem and the relevant Diophantine equations were explicitly calculated by one
of us.

A wealth of new phenomena have been observed in experimental studies of 2D Bloch
electrons where the magnetic field is no longer perpendicular to the plane where the electron
motion is confined, originating in an important literature [ 19-25]. Among the most noteworthy:

e the collapse of the even-denominator fractional quantum Hall effect upon tilting the
magnetic field;

e the appearance of states of the 2DEG in high Landau levels (N > 2) showing a high
anisotropy that is also sensitive to the magnetic field direction.

All of them evidence the importance of the 3D character in the electron gas behaviour and
have prompted a variety of theoretical studies.

Halperin [26] has first derived, as a generalization of the arguments of Thouless et al, an
abstract formula for the 3D quantized Hall conductivity, using the Kubo—Greenwood formula,
in terms of the eigenfunctions of the Hamiltonian of 3D non-interacting Bloch electrons in a
magnetic field.

Montambaux and Kohmoto [27] started from a 3D tight binding Hamiltonian in a specific
geometry where the magnetic field is perpendicular to the Bravais lattice a—b plane and the
vector c tilted at an angle 6 with respect to the field. They derived the Hall conductance in 3D
as ‘a set of three integers’ found as solutions to a Diophantine equation.

Kohmoto et al [28] then expressed the Hall conductance of 3D electrons in a periodic
potential in a topologically invariant form with a set of three integers in a more general case.
None of these authors discuss the possible physical significance of these invariants.

We work with the model of independent Bloch electrons in a magnetic field tilted at an
angle 6 with respect to the z axis perpendicular to the motion. Our calculations are performed
without any approximation.

Part 1 deals with the framework: the concepts and the methods involved in the ‘pure’
2D case are first briefly summarized for the benefit of non-specialist readers; then the 3D
Hamiltonian, the construction of new magnetic translation operators adapted to the problem
using Schellnhuber’s [29] method, the new basis functions and eigenvalue equations are
presented. In part 2 and appendix A, the 3D Hamiltonian matrix elements are calculated
analytically. In part 3, after, again, a 2D ‘reminder’, the relevant conductances and the
Diophantine equations are derived and interpreted in terms of transport in the electron gas.

1. The framework

1.1. A short trip back to the ‘pure’ 2D case

Bloch electrons in a magnetic field are two-dimensional independent electrons in a periodic
potential and a uniform magnetic field B perpendicular to their xOy plane, to which, in the
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following, we assume them to be confined by some confining potential. For more details, the
reader is referred to [2—13]. Details on the possible form and the effects of such a confining
potential will be presented subsequently.

The Landau Hamiltonian is

. P2+ (py+eBx)?

H 1
0 ™ (D
with the vector potential in the Landau gauge
A= (0, Bx) )
with energy levels E = (n + %)ha)c, where w. = %. The orbit centre operators
Py Px
__2 d Yy = 22 4+ 3
eB an eB Y £

commute with Hy, but not with each other; they are conjugate variables: [X, Y] = i¢?> with
02 = % the square magnetic length. The Landau eigenfunctions of Hj are

X+ qyéz
14

with f, the oscillator eigenfunction for the nth Landau level and g, the quasi-impulsion along
y.

Dy n(x,y) =€V f, ( “4)

The periodic potential can be considered either as the mean field of two- and four-body
interactions between electrons [16] or as an external potential, often a crystal potential or, for
example, due to density modulations:

Vix,y) =V cos(z—nx> +Vy cos(%y). (5)

a

Although the system as described is translation invariant,
H = Hy+V(x,y) (6)

no longer commutes with the usual translation operators
. apx . bpy

T, =" T, =el 7. @)
This is due to the potential vector term, linear in x, and is a purely quantum effect. Other
translation operators must then be defined that can describe translational invariance in the
presence of a magnetic field. The first to understand the form to be given to those operators
was Joshua Zak [17].

The operators

S, = e and Sy = eibl% (8)
commute with Hy and H. We can also write

S, =" s =er )
where

My = px +eBx [M¢y = py. (10)

The action of these operators on the wavefunctions is no more only just to effect a translation,
but also now to multiply them by a position dependent phase factor. Furthermore, they do not
commute with each other:

_jabeB

SaSb = SbSae h (11)
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where

abeB abB ¢

=2r =27 — =2me. (12)
h hje %o
This phase is the number of magnetic flux quanta through a unit cell, multiplied by 2. One
can write

SaSpS; 1S, = e/t (13)

which expresses the following property: a translation of the wavefunction around a rectangle
of sides a and b results in the multiplication of this wavefunction by a phase factor with phase
equal to, in convenient units, the number of flux quanta through the rectangle area. This is the
Aharonov—-Bohm effect [30].

If we want to define a complete set of commuting observables (CSCO) so as to be able to
write down a complete orthonormal basis of eigenfunctions adapted to the problem symmetries,
we need translation operators which commute with each other. To this end [17], we impose
the following condition: “bTeB = 27t§ or [;lef = g—the number of flux quanta per unit cell is
a rational number.

When this condition is fulfilled, operators S, and S, commute with each other. They are
defined on a cell which is g times the unit cell and therefore contains p flux quanta. Such a
condition is not very restrictive, since the group of rationals is dense in the group of reals.

Now the Landau Hamiltonian Hpand the two magnetic translation operators S, and S,;, can
define a CSCO. Itis therefore possible to define a basis of complete orthonormal eigenfunctions
for these operators, which will enable us to diagonalize our problem.

The magnetic translation operators are unitary; they obey

Satan = Satapr (14)
Their eigenvalue equation is

Satpp; (x, y) = %l (x, )

qu(sz(x’ y) — eil]b‘I)‘ Zj('x’ y)

where ¢ = (gx. q,) characterizes the eigenvalue and the associated eigenvector. This quantity
plays the same role as the wavevector of the usual Bloch electron problem; it is called the ‘quasi-
impulsion’ of the eigenstate ¢. It is defined, by analogy with the case without a magnetic field,
in the following Brillouin zone:

5)

b4 b4 b4 b4
—— < gy < — and - —<qy < —. (16)
a a qb qb
By construction of magnetic translation operators, the quasi-impulsion is connected to the
position of the cyclotron orbit centre.
It can then be shown, using Zak’s k—q representation theory [31], that the eigenfunctions
for the operators which enclose one single flux quantum

caP j4bX _ip2EX
Sajp =e'rm and Spp=¢'@ =e P (17)

can be written as a function of one of the orbit centre operators, X, alone (‘X representation’):

2 o
8q1q,(X) = i e““f»-“/f’a(x —q, 0 — Mf) withue Z  (18)
: V3 > p
"

and, as such, they form a complete orthonormal basis [31].
The g4.4,(X) period as a function of g, is 27 p/a while, the potential period in x being
a, its Fourier components are a function of 2 /a. This means that the periodic potential will
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mix the ¢ components of g, (X) which differ by 277 /a, and the matrix element calculated
using these functions will not be diagonal in ¢, this is a direct consequence of the property
[V(x,¥)., Sqp] # 0. To resolve this difficulty [18], we define g, such that ¢, = g, + 2715—;
with j = 1, ..., p where the eigenvalue g, of S, varies in the Brillouin zone defined in the
previous section. Now the periodic potential will mix the js but not the g,s; therefore the
matrix element will be diagonal in ¢, and g,:

27 : 2t S\ a a
(X)) = Sp Y e (X — g0 — = 19
gq,qyj( ) a p : € < dy /’Lp (19)

with u € Z, G = (qx, gy). For more detailed properties of the g functions, and more details
in general, the interested reader is referred to [14, 16—18].

To build a basis of eigenfunctions depending on x and y, complete and orthonormal, which
be eigenfunctions of the Landau Hamiltonian H, as well, we have to sum the product of the
8qvq,j (X) with @5, (x, y) over all the possible orbit centres, with X varying between —oo and
+00, and the final form is

—i 71’“' pa
(sz(x V) = / Z/dxe sz( 7 ) (gx+ J)S(X a4y 2 )
2 Ha iy 214 X = q + _M e
=V Py e g, (%) w

In order to give a slightly more concrete view of its behaviour, in (21) we give a few examples
of the translation (periodicity) properties of this basis in direct and reciprocal space:

dni(x +a,y) =e“Pe ™ ¢Z,~(x,y)
a . _A;M -
¢;’,< ;,y)—e‘ﬁ(‘“ eI T (x, )

¢,”(x Y +qb) —e“’b"‘rﬁ,i’,(x y)

¢ E (x,y) = ¢nj+1(x’ y) (21)
qxt+5, TPy q

o (x,y) = ¢nj(x Y)

b "’7( ) =Pl (x, )

b "1 ) = g ).

The matrix element /2!, .., for the operator H can now be calculated:

Bt = f dxdy 17 (x, v HT (x, ) 22)
i’ '
with n and n’ relative integers varying from —oo to +00, j and j’ integers from 1 to p, and the
wavevector ¢ in the Brillouin zone as previously defined:
b4 b4 b4 b4
- g ) ! - - < V5 ! T 23
9o de < — ab q)qy<qb (23)
When the field B is no longer perpendicular to the xOy plane, it may, without loss of
generality, be chosen to be in the xOz plane (see the figure below). The scheme outlined above
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is now adapted to this new configuration.

z

B 7

0

1.2. The Hamiltonian in 3D

In the Landau gauge, the vector potential now reads
A = (0, Bx cosf — Bzsin8, 0). (24)

The Hamiltonian then reads

p)zc + (p% +eBxcosd —eBz sin9)2 +P§

H = +Vx,y,2) =Ho+Vi(x,y,2) (25)

2m

2 2 2
V(x,y,z) = Vycos| —x | + V, cos 7y + V, cos —z. (26)

a C

with

1.3. Calculation of the magnetic translation operators

The quantities
IMex = px +eBycoso ¢y, = py IMe, = p, —eBysinf 27)

are the conserved quantities of the problem in the absence of a periodic potential [32], the
operators which are their quantum equivalent commute with the Hamiltonian H, and allow us
to define new magnetic translation operators:

. bpy

- a(px+eBy cosf) : c(pz—eBysinf)
R i L

Sf=e Sp =er S =e (28)
with

858y = eSS, Sy S0 = eSSy Sy8Y = S!S, (29)
where now

__ bcBsin®  besin® __abBcos®  abcost (30)

Ya= e T one? = "he T Toame

If, by analogy with the 2D case, one sets
bcsinf r abcos® p
a == = c = = — 31
=T Ty YT e Ty (3D

where r and s, on the one hand, and p and ¢, on the other, are relatively prime, one gets the
compatibility condition
csinf rq

= 32
acosf  sp (32)
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which is in some sense the transposition to the tilted field case of what is usually called the
‘rationality condition for the magnetic field’ [9]. This implies

B=

~

Bsin6)X + (B cosh)Z

( 2
(qares) 7+ (g7
= - |a+ =c
eabc s ecba g (33)
¢

where vy = abc is the volume of the unit cell of the Bravais lattice and ¢ the magnetic flux
quantum.

We now try to choose for operators of our CSCO S?, Sgsb and S? and build their
eigenfunctions. But this is hampered by the following facts. When 6 is zero, among the
three operators in 3D, two do not commute with each other; S, does commute with S, and
Sp. From these new operators, we can build our basis functions. Now for non-zero 6, Sf no
longer commutes with S?. This prevents us from building the basis of functions using the k—¢
method [31] as had been done in the 2D case.

To solve this difficulty, we use a variant of Schellnhuber’s method [29], which consists in
using translation operators which are built not on the lattice defined by a, b and &, but on one
defined by other vectors a1, d» and a3, which result in a Bravais lattice equivalent to the previous
one, but on which the new translation operators S, S> and S3 that we get have the following
adequate commutation relations, identical to those of the former translation operators when
the angle 6 is zero:

[S1, 821 #0 [S1, 831 =0 [S2, §31 = 0. (34)

1.4. Schellnhuber’s framework for the problem and a new Brillouin zone

The criteria for defining the new Bravais lattice are twofold:

(a) In order for the magnetic translation operator to commute with the two others, it must
‘translate’ along the direction of the magnetic field B:

= h r. o p.
B = ( ) |:—a + —c:| . (35a)
eabc) | s q

(b) The number of states in the associated Brillouin zone must be unchanged.

Let 7 be the smallest common multiple of s and ¢, and L the largest common factor of r
and p, we may rewrite B in the following way:

B= < i ) L [n1d +ns¢] (35b)

eabc ) t

where n; and n, are relatively prime integers and so are L and 7. Then,

L L
—m T and t_ b (36a)
t N t q
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and

csinf n

= — (36b)

acosf ny
which yields

npcsin® —njacosd = 0. (36¢)

Let us take for the first vector a3 of the new Bravais lattice

53 = n]C_i + I’lzg (37a)
which will be used to build the first new magnetic translation operator and keep

a,=bh (37b)
since in the y direction nothing is changed, and define

Zil = ﬁla + ﬁzg (37C)

where 711 and 71, are integers to be determined so as to fulfil the second condition—that is, that
the unit cell volume of the new lattice be identical to the previous one (V) = abc), so as to
ensure the conservation of the number of states:

a, - (ay x az) = ay - [bY x (n1ax +nscz)]
=a, - [—niabZ + nobcix]
= (M1ax +nycZ) - [—n1abz + nybex]
= abc(niny — nyny). (38)
This leads to the condition
(nyny —nany) =1 (39)

which allows the determination of 72; and 71, by

- - . acos6
njacosd —npcsinf = . (40)
na
When 6 is zero,
n =0 n, =1 L=p r=gq n =1 n, = 0.
On the new Bravais lattice a new Brillouin zone is defined as usual:
> ai; xa
G, = Ejk£TT / K
Vo
> 2, 2w,
G| = —nmx — —niZ
a ¢ 41
> 2 “h
T
> 2w . . 2w .
G3 = ——MmXx+—nz.
a c
If we denote by
R 2 R 2 R 2,
g1 =—X & =—y & =—z (42)
a b c

the vectors of the former Brillouin zone, then the new Brillouin zone has

G =n281 —ngs3 G,=8 G3 = —Mx81 + 71183 (43)
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and the angle o appears in the figure below. The volume and hence the number of states are
the same.

Then the translation operators read

S = eilzlc»ﬁl/h S, = eille-da/h S5 = eilzlffg/h (44)
where
e -d; = (px +eBycosO)iiya + (p, — eBy sin 0)iizc
=niapy +nycp, +eBy(njacosf — iy sinH)
>, - - acost
Il¢ -a; = njapy +nycp, +eBy (45a)
ns
¢ -dy = bp, (45b)
Tc -3 = (px +eBycos®)nia + (p, — eBy sin O)nac
=niapy +nycp, +eBy(njacosf — nycsinH)
Tc - d3 = niapy + nacp;. (45¢)
Then,
518, =e?¥us, s
152 29] (46)
[S2, 8] =0 [S1,8]=0
with
abcos6 L
®3d =— 47)

- 27‘[52}12 - t
518, = e 8,8 = 515,81 S; ! = el

This equation means that when we translate the wavefunction around a surface defined by
a; and a, it is multiplied by a phase factor e?"#x_ which is again nothing but the Aharonov—
Bohm effect [30]. This phase must therefore be equal to the number of flux quanta ¢ through
this surface multiplied by 2:
B-(a xa hje L ds - (a x a L
g = (a1 xa) _ Znﬁ—% (a1 xa) _ oL “8)
h/e vy t h/e t
and @34 is indeed the number of flux quanta through the unit cell defined by a; and a,.
The quantity ¢34 then plays the same role in the theory as ¢ = p/g in 2D; similarly L
plays the same role as p, ¢ the same as q.
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1.5. New basis functions

To build the complete orthonormal basis of functions from these operators, we choose, by
analogy with what is currently being done in 2D, Sy, (S;)" and S3, which are defined on the
cell enclosing L flux quanta.
S35 commutes with Sy, (S)". We begin by constructing a basis on a cell enclosing one flux
. 1/L PR . .
quantum using S,’" and S}, using the k—¢g representation. The conjugate operators are now
~ Dy ~ ﬁlapx +ﬁchz

= —— d P=n—"+¢B 49
eB an 2 acos6 ery “9)

and from these we obtain the translation operators

cacosb p L2nlny &

1/L acosd p -
Sl/ — e'min Sé — e 1T X (50)

Their eigenfunctions are [31]

2w Lny ) 2c0st acosf
X) = W s (X — gyt? — ) 51
Zavay (X) ,/ame;e ( qy T (51)

The question of other possible choices (e.g. Wannier functions, [33]) will not be discussed
here. As before, to get eigenfunctions of S; and S5, we define the index j as varying between

1and L:

gqquj(X) - \/%XM: ewaz;);e (q”%j)a <X - qYEZ - a](j:lsze N‘) (52a)
with

a aZZSZG Sdx < aZZSZO and o % Sqr < % (52b)

What will the eigenfunction for S3 be? Itis a ‘usual’ translation operator in the direction
of the magnetic field:

.+ . . infp, + 0p.
Sy = exp inlap nacp; — expli noc sin@p, + cosOp . (53)
h cos 6 h

S5 is also a translation operator in real space, with a multiplication by a y-dependent phase
factor:

niapy +nacp; + eBy“nM
Sz = CXp(i 2 >
h
7 cos +sin« cos 6
= exp|i ma *Px Pz exp ieBya (54)
cos o h hino

where « is the angle between a; and the x axis (see figure above):

nac sin 0

fiia  coso

We are therefore looking for an eigenfunction of S3 on which S, does not act; we may
choose

eiqz (—x sina+z cos &)

V2w

The effect of S, on this function is a translation in x and a translation in z:

—njasina +nyccosa =0 (55)



Diophantine equation for the 3D transport coefficients of Bloch electrons 7683

where we used the relationship between 71, and 7, and the angle «. (Note that « = 0 when
6 = 0.) Therefore S, has no effect on this function. S5 induces a translation in x and a
translation in z, so

—ninaac + nonjca  ca

—nmasino +nyccosa = = (56)
ag ag

{ 1 eiqz(fx sin @+z cos ) } — eilIZ o { eiqz(fx sin a+z cos ) } ] (57)

Nexs NG

In view of the presence of the periodic potential, we rewrite the function as

and we get

S3

\/12_71 exp(i(qz + kG3)(—x sina + z cosa))
where k is an integer and G35 is the norm of the third vector of the Brillouin zone:
G3 =2 ﬂ
ac
We are now able to build out of these elements an eigenfunction basis, in a way very much
analogous to the ‘pure’ 2D case when the field is perpendicular [31], using the eigenfunctions
of the Landau Hamiltonian, which will make the calculation of the matrix element simpler.
Now that the field is tilted, they are of the form

A cos6 — zsinf + gy 2
0 (x, y) = P (x = )

with f, the eigenfunction of the 1D harmonic oscillator. A standard calculation then yields

L
CIDZ}(:Y"Z x,v,2) =] Wﬁ exp(i(qz + kG3)(—x sina + z cosa))
. acosf 2nny .
— +
x ;CXP< tH Ln, (Clx acos@j)>
2 xcosf —zsinf + + Z ) 02
X exp(iy (Qy + 2 ))fn< (ar b ) ) (59a)

(58)

th 0
with
Tny Tny 4 b wa wa
— < < —— < < — —— K < —. 59b
acosh ax acosf th av th ac az ac (596)

1.6. The eigenvalue equation

We study the action of S, S, and S3, then of 7, S, and S?, then write the transform which
connects the two sets of operators and (gx, gy, gz) to (qx, gy, ;). The eigenvalues can be

shown to be
.Lacosf 2nny | .acosf
for Si: exp| 1 qx + J =exp(1 gx | (60a)
nyL acosb no

for S,: eltbar (60b)

and for S3:  e%u = &7 G (60¢)
Therefore

sacosf
S cDZ}(ZMZ —e' m I (DZ}(I?MZ
qu)Z;ngZ — eitbqy CI)Z}(/?MZ (61)

22w
qxq9vq9z __ \1G.4z 3y9x9v49z
$3@,5 T =e TR LT
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Similarly, one gets, for S¢, Sf and S?,

0 79x9v4q9z __ ,ia(gx cosO—qzsina) 59x9vqz
Saq)njk =€ CI)njk

Slﬁbq)Z}(;lyqz — eitbqy (DZ;‘(I?MZ (62)
ch CI)Z}(/?MZ — eic(qu sinf+q7 cos ) CI)Z;I?Y‘IZ'

And we can write
gy = qx cosf — gz sina
gy =qy (63)

q.: = —qx sinf +qz cosa

together with the inverse

qx = m{qxcosa+qz sin o}
qy = qy (64)
1
= ———{g,sinf + 0}.
qz cos(9+a){q sin 6 + g cos 0}

The completeness and orthogonality relationships read

-.

| da.da, da. @350, = 56 - )
BZ

and

/ drdydz @, (PP (F) = 8(G" — @)8unbrid -

2. The matrix element of the 3D Hamiltonian

The calculation of the matrix element of the Hamiltonian

2 2 02 4 2
pi+ (py+eBxcosf —eBzsinf)” + p
H = 2 5 =+ V(x,y,2) = Hy+V(x,y,2) (65)
m

with
2 2 2
Vx,y,z) =V cos(—x) +V, cos(;y) +V, cos(—z) (66)
a c

on the complete orthonormal basis defined above is described in appendix A. For the sake of
simplicity, let My, and My, be the two terms of the matrix element of Hy, M; and M,, M3
and My, Ms and M, the matrix elements of, respectively, the x, y and z terms of the periodic
potential. One has

Mor = 8(q; — q)8(qy — 4,)8(q. — q2)8kk8uwnd

1 h? [g.cosa+q.sina 2
X n+ = |hoc+ — | ———— + kG; (A.12)
2 2m cos(f + @)
8(qx — 9x)3(qy — qv)8(qy — qz) sin(d + @)
My = — n(qz +kG3)8iid
02 c0s(@ + ) p” (gz 30k

x /dX fn/<z>Pan<z> (A.13)
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which is obtained using the known formula

/dxfn <X>Pxfn(x> = X;_ W 1f+ ﬁ SwanVn+1. (A.14)

The matrix element [ dxdy dz (;Sn eV (x)q)n ;1 of the 3D periodic potential yields for the term
inx

My + My = 8(q}, — 4:)8(q), — 4,)5(q. — qz){w«’ —k+n)S( — j +ipen

v X _j2m mi g X / ./ .~ iy gy
X [ dX ¢ ? e et il — ) +8(k' —k—n)§(j —j—ne L

/qusn (X>eil’ 35“]2(%)}% (A.9)

and for the term in y

y 11‘“"5‘]( gx cosatqz \ma)+ 2mny ]) ~ )Z' + Zﬂﬂz/b X
Ms+ My = 5(q — q)(Sj Sk Ln, o3 @+a) Zcos0 dX £ ; f ?

cosa+gz sina n ~ X - 2 X

~

12 12

and for the term in z

v . L
Ms+ Mg = 8(q; — qx)é(q; — q);)a(qz/ - qZ)j{é(]/ —j - n2)8(k/ —k — nz)e 2tbq,

/dX fn ( )e a cosgxf (_) +5(j/ _j+ﬁ2)5(k/ —k+n2)e]nztbqv

x/df(ff(g) ‘folfgxf <§)} (A.11)

As in the 2D case [16, 18], these formulae lend themselves to simple band structure
and transport coefficient numerical calculations without approximations. The results will be
presented elsewhere.

We now compare this result with Montambaux and Kohmoto’s finding [27]. In their
article, the geometry was different (see below) and, using the tight binding approximation,
they studied the spectrum of a Harper equation in 3D.

AB

~
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Here, the magnetic field remains perpendicular to the xy plane determined by the vectors
a and b, but not aligned with the third vector ¢ of the Bravais lattice. In this geometry, Harper’s
equation depends on the two fluxes of the problem
__besingp’ ab p

= ey _ P d . = _ 67
¢ 2702 q an = q (67)

This case can also be dealt with using Schellnhuber’s method. The conclusions are close
to those reached and explained above: the spectrum is found to have g¢’ subbands if g and ¢’
are mutually prime; otherwise it will have 7 subbands, with ¢ the greatest common multiple of
q and ¢’. For a comparison with the 2D matrix elements, see e.g. Zak [18] and TAH [16].

3. Transport coefficients and Diophantine equation

3.1. Back again to the 2D case

As was done in the first part, we return to the 2D case in order to present the main relevant
concepts and the theoretical framework.

The Hall conductance calculation is generally based on the Kubo formula [11]. In the
following, we use indifferently for the level or band indexes « or 8 as do as well well as for
instance m.

s 2 af  pa af  pa
ie“h vy vy — vy
m= 2 D TRy (68)
Eo<Er Eg>Er (Eo — ﬂ)
with
v = (W || WE)
where A is the area of the sample, a and b label two non-degenerate energy levels. It is
a velocity—velocity correlation function. It is rewritten using the 2D Hamiltonian, with the
functions u (r) such that e (r) = e Tug (¥) with the W eigenfunctions of the energy operator

and the u‘g (¥) verify the translation properties

ug(x+a,y) = e ul(x, y)

(69)
ug(x, y +b) = ug(x,y).
The Schrodinger equation then reads
|:L <—il‘1i - hqx)z + L (—i?’li —hgy + eBx)2 +Vi(x, y)] ul(r) = E*(q)ul(r)
2m ox 2m ay ’ a a
(70)
and the velocity operators appearing in the Kubo formula

1 0H (qx, qy) 1 9H (qx, qy)
Vy = ————— and Vy = - ———
h gy : h aqy

are rewritten as

8H(qxa Qy)
09

o

0 a B au‘?
s 1H g )l <8qx

B
814‘7
g, |

B = (| jufy = H (qx, qy)ul)

— (ug|H (4. 4y)
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Then the Hall conductance is

ie? 814%‘ 8143‘ 8143‘ 814%‘
oy = — 3 /dqx dg, — )= —|=—
(27)*h 94y | 0gy 39y | 9qx

ie? ] |oug

9q
where the integration path is along the edge of the Brillouin zone. This integral is precisely
the change of phase when we move the wavefunction along the contour ABCD around the
Brillouin zone as shown in the figure below.

Finally,
2
OH = znﬂ (72)
qy
A m/qb B
A
-m/a 0,0) m/a
D -t/qb C

where ny is the integer associated to the Hall conductance, which, in this formalism, is
calculated as the phase change of the eigenfunction of the Hamiltonian.

The Hall conductance verifies a Diophantine equation [ 14, 16, 18] which is easily deduced
from the magnetic translational symmetry of the system. This equation also connects the Hall
conductance to another topological invariant of the system, the adiabatic charge transport
coefficient oy. Both quantities (o and ov) are integers that enable us to label the gap where
we compute them, in the sense that a combination of the two yields the electronic density of
this gap.

To establish the Diophantine equation, we refer to Dana and Zak [18] and consider a
filled band, placing ourselves above it in a gap. The energy is periodic in g, and ¢,, and this
periodicity coincides with the Brillouin zone. Let Q,, be a vector in the Brillouin zone and let
V5,5 and W5 have the same energies and the same eigenvalues for the magnetic translation
operators. They can be said to be the same state to within a phase, which depends of the
wavevector: \115 0 = el (@ W;. When the magnetic field is zero, we know [35] that it is
possible to build eigenfunctions of the Bloch Hamiltonian the phase of which is also periodic
in g, and ¢g,; but the conditions allowing this property no longer exists in the presence of a
magnetic field, because the Hamiltonian then depends on x, and Weinreich’s reasoning is no
longer valid.

Because of the gauge choice, the Hamiltonian in y is the same as that for Bloch electrons
when B = 0, the translation operators along y are the usual translation operators and we can
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therefore build Bloch functions in ¢,:

v

q,,(,qy+% = qx,qy

(73a)
while

1\’ =l . (73b)

g+ gy
What form can we take for the phase? It must obey, for any Landau level or band, the
periodicity properties

\yqﬁzqu,\*% - qu%qy = e]{(%%)\quqv (74a)
_ Ai0(qegy+ ) — all(qeqy+3)
Wy aiz gy = TN, = 0TI, (74b)
and therefore
2
¢ qx,qy+q—b =¢(qx. qy) + 20 (75)

where o is an integer.
This allows us to choose the expression for the phase as follows [35]:

¢(qx, qy) = 0qyqb. (76a)

This expression obeys condition (75).

What is the integer 0? The Hall conductance is (phase)/i2w which appears when we
move the wavefunction around the Brillouin zone. But, from the expression for the boundary
conditions, going around the Brillouin zone corresponds to multiplying the wavefunction by
e'?™?, so o is indeed the Hall conductance. If we continue to make use of the magnetic

. . . . i bry .
translation invariance properties of the problem, the operator S, = e'# commutes with the
Hamiltonian; also, W; and S, W; have the same energies. But also

s 2mp L2mp . . 27,
SSpW; = el v 8,8, W5 = e ¢ %S W; = Ut ) 5, W 7

Consequently SpW; and W, o- -~ are also the same state with identical energies and

qu
qa )
wavevectors to within a phase:

SpW; = e IW oy (78)

xt 2 oy

How can we choose the phase? The condition that we gave implies

. 2
— l(@nay+35)
Sb\pqnqwf,—’; =¢ \pqﬁ—zj,,”,qw%

but since

\Ijqx,qy+% = \Ijlix,‘ly

this means that

qb

Therefore we can take [35]

2
U(qx, qy + —n) =n(qx, qy) +2m with m integer.

1(qx, qy) = mqyqb. (76b)
We are now able to derive the Diophantine equation, since

— alqyqb(gm) — alqyqb(gm+po) — alqyqb
Sqp Wy, .q, = * ¥, =cv Yo, =Py 4,

2:
2Py



Diophantine equation for the 3D transport coefficients of Bloch electrons 7689

must be true for any value of the wavevector; therefore,
po+qm=1. (79)

We showed the equation for a given band, but it can be easily seen that, when we place ourselves
in the gap above n, bands,
pou + qmy, = np. (30)

The first to have understood the physical meaning of the second topological invariant n,,,
is Hervé Kunz [15]. By construction, o is the Hall conductance. What does m represent?
Kunz has shown that in a system subjected to a periodic potential

2 2
Vycos| —x | + V, cos 7)} +y . )
a

If we vary y adiabatically up to the completion of a period, which corresponds to moving the
lattice along the y direction, a charge displacement along y can take place; we can calculate it
in the following fashion. The quantity

e(v-ds)p(t)dt

is the charge going through the surface element pointing in the y direction at a given point
and during the time interval (¢, r + d¢). We are interested in spatial averages and the quantity
that we are looking for is

T—o0

T
oy = lim e/ dt {M(vyp(1)) — M(v,p(0)} (81)
0
where M represents the spatial average of the operator in parentheses:
1 >
M (operator) = lim — / (operator) dr.
V—oo V Vv

Kunz has shown that this expression can be rewritten as

e /2n/ad /zn/qbd oWl |aw) vy |owr )
oy = ——— x —
YCaemrly o UL P\ ag, | oy dy | 4,

where a is the period in x. This expression resembles very closely the expression from which
TKNN started. To calculate it, we follow a reasoning inspired by [16]: when we add a phase
to the potential, the basis of functions chosen above remains a good basis for diagonalizing
the problem since the phase has not modified the translation properties of the system. Thus
we may write

VI = GG 8 e -
nj

All the dependence in y is therefore in the coefficients of the development and we may write

e 2/a 2m/qb awz lacm\ - acr |owl\
=— dg, d d Mgl — (L —L ) |. (84
oV = H oy /O q /0 qyan aa |5y 1%\ oy | e B |- B

The important remark here is that the matrix element with a phase y added to the potential in
v has the same expression as the matrix element in (g, + %, qy). We can therefore replace

3 b_d
3 OY @ g It can be shown that

e 2np/a 27 /qb 8C:m 8C:L" 3C,’1”" 8C,’Ln
S / dg. / dgy ¥ [(—’ . ") - (_, . ’)} (85)
gh2m)2a J, 0 gy g, dgx 99,

nj
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And from Stokes’s theorem,

acm
m nj
= Z/ <C é>' (50

Following a reasoning similar to that in the Hall conductance case we again call ABCD the
Brillouin zone rectangle and if

Cp(CD) = CJ(AB)e”@

one can show that the expression is indeed the change of phase of the C; coefficients when
we translate them along and around the extended Brillouin zone. Therefore,

epnh—l e

m,

ha ¢ " ha
where we have just shown that m is the integer characterizing the adiabatic charge transport
coefficient. This Diophantine equation can also be written [15] as

B’lah +a’16v =p (87)

where p is the electronic density and we have changed m into ovy.
In the present situation, a change of phase y along y in the periodic potential is equivalent
to a translation of by /2m along y. Therefore, we define

H, =S, HSppn- (88)

y /2w

In particular, a change of phase of one period corresponds to a transformation of the
Hamiltonian by S,. But we just showed that this translation corresponds to a certain
displacement in the Brillouin zone. This is how charge transport can also be understood as a
Berry phase, the Diophantine equation then being nothing but a coherence equation between
two displacements in the Brillouin zone. Results on the adiabatic charge transport in zero
magnetic field appear in [13].

3.2. The Hall conductance in 3D

The expression for the Hall conductance in 3D when the Fermi energy is in a gap is, after
Kubo’s formula [11]

m' dug m' ou’ m’ dug m
o / 'y / ar (L Qi N 35 (89)
j (2n)2h dqi g, dq;  9qi

m'<m

where i and j are x, y or z, since we want to compute the transport properties in the plane
where the electrons move in reality, m here is the band index and, as usual,

Ugm(x, y,2) = e 9705, (x, v, 2). (90)

3.2.1. Computation of o},

€ /d
% T 2n)2h

with m the band index.

/ dr< S Qg WG Bua,m') (90)
dq, gy dq, 0qx

m'<m
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We rewrite this equation as a function of the components of the rotated Brillouin zone as
above, recalling that

gx = ¢qx cosf — gz sin«a

qy = qy
q; = —qxsinf + gz cos«
and
1 . O
= cosa + ¢, sin
W= T {gxcosa + g sina}
qy =4y
= ——{g,sinf + g, cosb}.
z cos(f + ) a & }
Let
] 1 .
= ——{cosa—— +sinf —
g,  cos(f +a) qx 9qz
g 0 ©2)
aqy - aqy
1 .
— = ——— {sinoe—— +cosf —
dq. cos(0 +a) aqx aqz
Then
2 8"ffm’a q,m' auim’a g.m'
o = _¢ 5 /dqx dgy dgz Z /dr3 cosa( g’ Olgam' 7 g O1g, )
T @)’k e dgx  dqy dgy  9qx
s (P W Vi 1y
8qZ an 8qY an

For the complete calculation, we begin with

8Mim’a q,m’
/dqdeydqz/dr3< q, ul]* —
8qX an

which equals the phase change of the wavefunction when we transport it on a closed circuit
around a section of the Brillouin zone parallel to the (gx, gy) plane, that is 27 x integer.

The article by Avron, Seiler and Simon [34] proves that this integer does not depend on
the section of the Brillouin zone chosen; that is, here it does not depend on ¢g;. Therefore we

8”2,"1, auq’m,)
8qY 3qX

may write
m’au m au’ ’au m’
dgx dgy dg /dr < 4 R & )
/ e Zn;n dgx gy dqy  9qx
= 2mm, /dqz = 27m, G = 2)2m L. (93)
ac
Similarly,
du; o . duz
dgx dgy d /dr( o g _ Vi ’””)
/ qx dqy QZm; dqs  9qr dqy 94,
27n, 2 ny
=2mwm, | dgx = 2nm; = Q2nr) m,
acosf acos6
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where m | and m; are integers which result from the calculation followed by the addition of all
results for bands under the Fermi level. Finally,

er (ma mony . X (mia, mya  myny
Oyy = — cosa + sinft = — — +
; h acos6 h ac c
62 mlﬁl + mong
Opy = ——. (94a)

h c

This 3D conductance appears to be the sum of two terms. When 6 = 0, the integer n; is
also equal to 0 and the second term disappears. We see here explicitly how the conductance
changes upon tilting the magnetic field, keeping its intensity constant.

3.2.2. Computation of o,
2 u* wr OUG ou* o UG
O’"Z = e— / dqx dqv dqz Z /dr3 q, ug, _ q, Uug,
) (2m)2h ’ = dqy, 9q. dg. 0q,

and, after performing the coordinate change, one has, using notation similar to that for the
previous calculation,

m 62 . —ma —mony
oy, = — sina +cosf
< h ac acos6
e
h

2 {@ (—miay) e (—many) }

0s 6

ay ac acos6
e miiiy + mon
m 112 212

== . 94b
%z h a (946)

3.2.3. Computation of 0!

2 du m' OUG du m OUG
O':i = _c 2 /d%c dg, dg; Z /d73 < 1 g _ 1. “q. ) .
) (2m)=h i mm dgx  0q; dq; 9

Then, it is easy to show that

2 ou* o QUG du* o QUG
(27T)2h mwm aqx 8(12 an aqx

2
m_ € ms

<= n b
where m3 is equal, in appropriate units, to the phase which appears when the wavefunction is

transported around a circuit around the Brillouin zone in gx and gz /2mw. We show later that
this quantity is identically zero.

(94c)

m X miy + mon, e myity + mony e ms
_° o -

T T K a AT

The three independent components of the conductivity tensor when the Fermi level is in a
gap now appear, in appropriate units, as the sums of two terms, depending on a sum of integers.
Among these integers, m, m, and m3 are the ‘Berry phases’ appearing upon displacements
around the Brillouin zone, called “TKNN integers’ by Avron, Seiler and Simon [34]. They are
topological quantities related to the geometry of the fibre bundle with as the basis the Brillouin

(94)

53
a3
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zone seen as a 3D torus. In 3D, there exist only three independent such integers since one can
build only three 2D sections of the 3D torus.

To pursue the analogy with the case where the magnetic field is perpendicular to the plane
of the electron motion, we now calculate the Diophantine equation relating the conductances.
To this end, we first study adiabatic charge transport along y.

3.3. Adiabatic charge transport along y

8u31-/
oyy = —eh / dg,dq, dq,
aqy

the phase y, appears in the potential defined by

In the quantity

Y ¥
ay ay

2 2w s 2 ;
2eos (7)’ +y, ) =€V e Ve,

8145 ©5)
aq,

This phase does not modify the translation properties of the Hamiltonian, our ‘usual’ basis
can still be used and we may write

L
Wi (F) =TT NN G )l () (96)
n k j=1
where the dependence on y, lies in the coefficients c,,. This phase is ‘equivalent’ to the
translation
— gx + .
x = ax vy tacos6
Therefore,

d _ nzL 0
Yy "~ tacosf dqgy
nzL mnyL/acos 6
ovy :ehif dqx/dqy/quZcos(0+a)
Ltacosf J_ Py

mnyL/acosf
dey (@) deyi (@) ey (q) ey (q)
X } - - - - .
dgx  Oqy dgy  9qx
We know that the change of phase of the total wavefunction when it is displaced around this

‘enlarged’ Brillouin zone is equal to Lm;, and the change of phase of the ¢, will therefore
be Lm; — 1. The expression for the adiabatic transport coefficient therefore becomes

¢_Mmb G cos@+w)Lm —1]
oy, = —— G5 cos o)[Lm; —1].
YY" W Ltacos® 3 !
Hence,
e nyl a;acos6 e2m [Lm; — 1]
oyy = — — [Lm;—1]=-———"—
h Ltacos6 ac ajn; h ac N
SO
[Lmy — 1] e
My = —— or Ovy = My o7
and since
my = I’lza'xy +I’l15’yZ

with & in convenient units, one gets the final formula

1= l‘a’vy + an&xy + Ln]&yz. (98)
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3.4. Diophantine equation and boundary conditions on the Brillouin zone

We have shown that in the present case adiabatic transport along the y direction is connected
with two Hall conductances, we have not yet proved that it is an integer.

To do so, we follow a reasoning close to what has been presented above, where the
magnetic field is perpendicular to the plane of the electrons [18]. We may write in 3D, using
the translation properties of the basis functions in the Brillouin zone,

Wt s — oi6(@r.0y.0:) s d Wyt 0z — \yd Gy G in(gx.qy. 9\ d
a =e : vl =W v L =e we (99)

with its edges identified as usual, since two nodes of the Brillouin zone correspond to equivalent
states, having the same energies and the same eigenvalues under the translation operators.
Therefore,

2
¢l g, gyt Ev q: | = ¢(qx, qy, qz)

21

U(Clx’ Qy"'ﬁs Qz> =Tl(f]x, qy, Clz) (]OO)

2 - - 2
T\ dy 4=+ = ) +0(Q) = (@) +n{ ge+ —=. 4y, 4z |-
We may choose the phases as follows:

¢(q) = o1thgy + $1(qx. q2) 1(q) = o2tbqy + n1(qx. q2) (101)
with

2 2
&1 ‘]m‘k"‘? +11(qx, 42) = $1(qx, g2) + M ‘h"‘?"]z

remembering that

> sl 27 27
Sy W = e Gy D)\ Gt L gyoqe 33 L

S, W4 and W4 have the same energy, but not the same eigenvalue under the magnetic translation
operators because of the commutation properties of the operators S, Sy, S.. In this expression,
m’ is an integer and we again follow the reasoning by Weinreich [35]. For these two equations
to be compatible, one must have for each Landau level (or band)

1 = Lnsyoy + Lnjoy +tm’ L integer (102)
and

¢1(gx, q2) = n1(gx, q2) = 0.

We showed that adiabatic charge transport is quantized, and note that the conditions on
the edges of the Brillouin zone impose m3 = 0.

Our results coincide with those previously obtained by Montambaux and Kohmoto [27]
who started from Halperin’s [26] results for the 3D conductance using a particular geometry and
in the tight binding approximation, and also with those of Kohmoto et al [28], who calculated
a Diophantine equation for the quantum Hall effect in 3D using Streda’s method.

Our approach has the advantage of calculating the matrix element without approximation
and deducing from it the transport properties and the Diophantine equation. It also allows the
rigorous numerical calculation of the energy spectra and of the conductances associated with
the gaps.
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3.5. Other transport coefficients

Tesanovic et al (TAH) [16] have shown that adiabatic charge transport can be calculated using
an expression which takes into account the derivative in y, and the derivative in y,, where
vx and y, are phases added to the potential, in a way similar to what we presented for the y
direction. This method allows, on also adding a phase in z, the definition of the two other
relevant quantities, one with phases in y and z, another with phases in x and z. Adding a phase
in x is equivalent to the following change:

L
4y = 4y +Vx %
and adding a phase in z is equivalent to
1
gy — 4y t+ Vz%-
Then,

] L 9 ] 1 9
= —— and —_— =
oy,  tbny dq, dy,  thn; dq,

This means that, among the three quantities that we can calculate using the TAH method,
one depending on y, and y, will be identically zero, since it has only derivatives with respect to
qy; the remaining two will be proportional to each other, since the derivatives are. Therefore,

Ovyxy = LO'szo (]03)

4. Concluding remarks

The appropriate basis functions, the matrix element and the topologically invariant transport
coefficients for the 3D electron gas in a strong tilted magnetic field and a general 3D periodic
potential have been calculated without any approximation. This original result is a very
powerful tool for investigating the transport properties of the three-dimensional electron gas.

Since high resolution measurements of the longitudinal and Hall resistances for a 2D
electron gas in a weak superlattice potential [35] have provided evidence for the existence of a
fractal structure of the Hofstadter type in the energy spectrum, this is now a topic of particular
interest.

Recently, various authors [36—39] have studied and tried to label the gaps of such energy
diagrams for the 3D electron gas by means of calculations based on tight binding models.

Our work allows not only the description but also the rigorous prediction of such gaps.
Numerical studies will be published elsewhere.
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Appendix A. Calculation of the 3D Hamiltonian matrix element
We present the calculation of the matrix element of the Hamiltonian

2 2 S 0V2 4 2
pi+ (p;+eBxcost —eBzsinf)” + p
H = Y 5 2z + V()C,y,z) = H0+ V(x’y’z) (65)

with

2 2 2
V(x,y,z) = V,cos <—x) + V) cos <7y) + V, cos <—z> (66)
a c

with the complete basis defined above. For simplicity, let M, and My, be the two terms of the
matrix element of Hy, M| and M,, M3 and M4, Ms and M, the matrix elements of respectively
the x, y and z terms of the periodic potential.

A.l. Periodic potential: term in x

. . . 27—[ .
M, is the term with exp(17x).

_ an
"~ @n)3acos6

Z . ,acosf [ | . 2ny . , +271 ,
X exp| i exp( —1 —
pl|1u In dx acos@j p Y| gy b 2

w

<x0059—zsin9+(ql’,+2rru//tb)£2> <_2n )
X fu exp

M, /dx dydz exp(—i(qy + k'G3)(—x sina + z cos a))

i—x
L a
. . . acosf 2mn, |
x exp(i(gz + kG3)(—x sina +zcosoz))z expl—in qx + Jj
m Ln, acos6
2 0 — zsin@ + (qy + 2w /th)€>
xexp(iv(ar + o) ) gy (LSO @y 2 BTUIDEN )
th L
Calculating the integral over y,
Lny8(qy, —
L= % dx dz exp(—i(g}, + k'G3)(—x sina + z cos @)
. acos6 ( ,  2mny
+
* ; exp(lu Ln; <qx acosf /
(xcos@—zsin9+(qy+2nu/tb)£2) (,27t )
X fr exp|1—x
L a
x exp(i(qz + kG3)(—x sino + zcosw))
. acosf 2mn, .
x exp| —ipn qx + Jj
Ln, acosb

" n(xcos@ —ZSin@-;(qY+2]T/L/tb)£2>. (A2)



Diophantine equation for the 3D transport coefficients of Bloch electrons 7697

With the changes
X =xcosf —zsinb
Z = —xsina + zcos«
1
x=————(Xcosa+ Zsinb)
cos(f + ) (A.3)
1
z7=———(Xsina+ Zcosh)
cos(f + )
dxdz = ——dXdZ
cos(f + @)

we get
B Lny8(qy — qy)
"~ 2n)2acos cos(d + «)

. acosf 27ny | X + (qy +2mu/th)e?
* Zexp(w Ln, (qé( " acosGJ/))f", ( 12
n

2m Xcosa+ Zsin6 .
x expli———— | exp(i(qz + kG3)Z)
a cos(f + )

2
y exp(—iua cosf <¢1X N 27 n, j>)fn (X +(qy +2mu/th)e ) (Ad)

dX dZ exp(—i(gy +k'G3)Z)

1

Ln, acosf b4
and since
na npc . acosf (. _ csinf acos6 (. . Ny
cos(f + @) = cosf— — ——sinf = ny — no = ny —np—
a ai ai acosf a ny
acosf
= (A5)
noa,
and
coso _ ﬁ](l nyag _ n2ﬁ1 cos b _ nyag
cos(@ +a)  a; acos®  cosf cos(@+a)  a (A6)
sin 0 B ﬁgC naaq . c n2ﬁ2 . n1ﬁ2 sin 0 _ naaq sin 0 N nia; '
cos(@ +a)  a; acos® acosh  sinf cos(@+a)  acos ¢
the integral over Z equals
. , 2w Zsin6 .
dZ exp(—i(q, +k'G3)Z) exp| i————— | exp(i(gz + kG3)Z)
a cos(f + )

= /dZ exp(—il(gy — qz) + (k' — k)G31Z) exp(ian%Z)

= / dZ exp(—il(gy — qz) + (K" — k)G3]Z) exp(in1G;3Z)

=2n38l(q7 — q2) + (k' —k —n)G3] = 278(q; — q2)8(K" —k — ny).

The expression now reads

Lny8(qgl, — 5(q, — S(k' —k — 0 2
M, — n28(qy — qy)d(qy, — qz)8( n) /dXZeXPGua cos (q§(+ Ny ,))
m an

(2m)a cos O cos(f + «) acos@j

<X+(¢IY+2TE/L/tb)52> <_2n X cosa )
an’ expl 1 _—

L a cos(6 + a)

2
" exp(—iua cosf <¢1X N 27n, j>)fn (X +(qy +2mu/th)e ) A

Ln, acosf b4
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With the change of variable
X = X + (qy +2mpu/th)¢? (A.8)
we get

v, = Ln2day — qv)8laz — g2)8(K' —k —m)
T (2m)a cos O cos(f + )

/d)}z . acosf . )+ 2mn;y G- )
X exp| i - -
m PLIH Ln, Ix — 4x acosf =

X 2m  cosa ~ 2 X
X f,l/<—) exp<1—7(x —(qy +2mp/th)¢ ))fn(?)~

L a cos(f + )

Rewriting the second exponential:

(2T % gy 42/ 1h)E)
expli———(X — b4
P a cos(f +a) @ ’

,27‘[ n2ﬁ1 ~ ,2]‘[ n2ﬁ1 2 _27‘[ n2ﬁ1 27‘[62
= exp|i— X Jexp| -i———{€"qy | exp|i— 7
a cosf a cosf a cosf tb

and using the rationality properties of the magnetic field (32), this expression becomes

2w cosa ~
i— (X - 2 th)0?
eXp(l P cos(9+a)( (qy +2mu/1b) ))

27 nony f( _th i I8
= exp|i— exp| —in;— exp| —127—u |.
P a cos6 P ]qu P LM

Therefore,
Lny8(qy — qy)8(qy — qz)8(k" —k —ny) . th
M, = exp| —in;—qy
(2m)a cos O cos(f + ) L
. acosb , 27y .., L
— + R — —
X XM:CXP<1M I [(qX gx) acosG(J J n1)D
/d)}f )N( ,2]‘[ nzfl]X f X
X | — Jexpli— =
b4 P a cos6 14
and since

2 acos

2w Ln, 2mn, -
= E 8 —dq + j— j = + L
acost = <(61x ax) acos6 G=J7=m v))

. acosO[ 2mny ., . L
E exp| ip (gx —gx) + (' —Jj—ny)
m Ln (%

this equals
8(gx —q)8( — j' — i) (mod L).
We finally get

8(q — ax)8(qy — qv)8(qy — tb
_ gy —gx)d(gy — qr)d(qy qZ)8(k'—k—n1)8(j'—j—ﬁl)exp PRI
cos(f0 + @) L

~ X ,2]‘[ nzfll ~ X
. /dX f"/(?) exp(17 0059X>f"<f>
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and

/ I I / ./ . ~ .~ tb
M, =é(q, —qx)8(qy — 4y)8(q, — g)6(k" —k —n1)8(j" — j — 1) eXp(‘”Hz‘]Y)

~ X ,2]‘[ nzfll ~ X
X /dX fn/(?) eXp(1700s9X>f”<z>'

It is easy to see that the second term is

- . th
My = 8(q; — q)8(q;, — 4,)8(q, — g)8(K' —k+n1)8(j" — j +n1)e><p<1n1fcn)

ot (D)ool (5)

and the sum is

I I I / ./ . ~ .~ tb
My + M, = 8(q, — qx)3(q, — q,y)8(q, — qz){é(k —k+n)s(j —j +”1)exp(1”lICIY)

~ X _27‘[ nzfll ~ X
g / d“ﬂ’(?) exp(‘17cosex>f"<z>

th
+ 5(/(/ —k — n])a(]/ — ] — ﬁ])exp(—iﬁ1qu>

~ X 2]'[ n2ﬁ1 ~ X Vx
X /dX qbn/(z) CXP(17cos9X)f”(?)}7' (A.9)

A.2. Periodic potential: term in y

For the y term of the potential we calculate

an
My = ———
(27)3acosO

. ,acosf ( ,  2mny : , 2T,
X ZGXP(IM I <qX+—aCOSQJ))exp(_ly<qY+Eu

w

xcosf — zsinb + (qy + 2w’ /th)€? 27
X fu 7 exp 17y

. . . acosf 2nn, |
x exp(i(qz + kG3)(—x sina + z cos oz))Z expl—in qx + j
m Ln, acost

. 2w xcos@ — zsinf + (qy + 2w u/th)e?
x expliylgr+—un ) ) fa .

/ dxdydz exp(—i(gy, + k'G3)(—x sina + z cos ))

tb l

The integral over y is directly calculated as

2
/dy eXp<—iy[(q/y —qy) + %(u/ — = t)D =278(qy — qy)8( —p —1)

and therefore the matrix element is
an
"~ (2m)2acosH

. acosf [, 2mny
X exp|i(u +1¢ +
; p((u I <qx 5

M3 /dx dz exp(—i(gy, + kK'G3)(—x sina + z cos@))
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<x cosf — zsinf + (qy +2m (i + t)/tb)£2>
X Jn
b4

. . . acosf 2mn, .
x exp(i(qz + kG3)(—x sina + zcos o)) exp| —ip qx +

Ln, acos@J

7 <xcos€—zsin9+(qy+2nu/tb)€2>

X fu .
0

The very same change of coordinates (A.3) as in the previous paragraph, yields
Lny8(qy, — 0 2
My = n26(qy — qy) exp ita cos q& . TNy i
(2)%a cos B cos(f + ) Ln, acosé

/dXdZ (~ilgy +K'G2) Y exp(i acosb (o, 2mme
X exXp(—1 (&).€ 1
p dz 3 p\ 1® L, dx J

o

X + (gy + 2710/ th) 0% + 2 0% /b )
x f,,,< (qr “2 ) / >exp(1(qz +kG3)Z)

. acos6 2nny | X+ (qy +271u/tb)€2
x exp| —1u qx + J ) )

Ln, acosf b4

with the second change (A.8)

- 2\ o,
X=X+ +— )4
<‘]Y b )

Ln,8 (g}, — 0 2
My = n26(qy — qy) exp itacos q3(+ TTHy i
(2)%a cos O cos(f + ) Ln, acosé
X /df{ dZ exp(—il(q; — qz) + (K = k)G31Z)

. acos@| 2wny .,
J— + J—
X ;exp(w I [(qx qx) acosO(] ])i|>
P X +27m¢%/b P X
" ¢ "\ ¢
which equals

Ln,8(q), — 5(ql, — % 2
My = L2 (qy —qv)8(qy CIZ)Sk,k exp pacos d+ ny 1%
(2)%a cos O cos(d + ) Ln, acos6

farn (R0 (5)

. acos@[ 2rny .,
X e i — + — ,
; xp(u T [(qx @)+ (' = ])

that is,

8(qx —qx)8(qy —qv)é(qy — qz) _acos@ 2mn, |
M; = 86k t +
} cos(f + ) 7oKk EXPA 1 Lny x acosf J

~ ) ~
y /df(f,,/(x-'-zze /b)fn(%)




Diophantine equation for the 3D transport coefficients of Bloch electrons 7701

M 5 —3)8,:8 _taCOSG {gxcosa +¢q,sina} 2mn, |
= — iri Ok €X 1
3 9~ 997k exP Ln, cos(f + ) acos@J

ot () ()

The other term is 0bv1ously

-, ,acos@ {gycosa +q,sina} 2mn, .
My =6(q — q)(S”(Sk/kexp ( q 4 + >)

< cos(f + @) acosf /
2n£2 /b X
Jorn (R ()

yielding (A.10)

Mt M Vy(S('” 758 " cosf ({q,cosa + ¢ sin o} N 2rny |
= — — 0k §exp| i
3T M= 0 T )0y 0Kk | °XP Ln, cos(6 + &) acos6’

N X +2702/b X
X /den’(iE )fn(?)

acosf ({gicosa+gq.sina} 2mn, |
+ exp| —17 + j
Lny cos(f + @) acosf

N X —270%/b X
< ‘”‘f"'(f)f"(?)}'

A.3. Periodic potential: term in

We start with the term in exp (i2£z):

L
Ms = (271)3% / dxdydz exp(—i(gy, + k'G3)(—x sina + z cos )

Z ,acosf 2ny ) . 2,
X exp| i exp( —1 —
- plin In qx + acos@j p Y\ 4y b M

<x cosf — zsinb + (qy + ZJT;L//tb)EZ)
X fu
L

2
X exp(i—nz> exp(i(qz + kG3)(—x sinw + z cos))
c

o Ze . acosf N 2wn, | . . . 2
X — X —
m P H Lny ax a COSGJ P ar tb "

. f <xcos9 —zsin9+(qy+2m¢/tb)£2>
n e N

With the very same steps as for the previous terms, starting with the integral over y,

_ Lnad(gqy —qy)
© (27)2acosf

. acosf [, 2nny
x Zexp i Ln, qx+acos91
"

,<xcos€—zsin9+(qy+2nu/tb)€2> (,271 )
x f! 7 expli—z
c

dx dz exp(—i(gy, + k'G3)(—x sina + z cos ))
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. . . acosf 2mn, .
x exp(i(qz + kG3)(—x sina + zcos o)) exp| —ip qx + j

Ln, acos6
f xcos@ — zsinf + (qy + 2w u/th)e?
X fn .
£
We effect the first change of variables (A.3) (x, z) — (X, Z):
_ Lmd(gy —qv)
"~ (2mn)2acos cos(d + «)
. acosO[ 27ny ., .
p— + p—
X ; eXp(lu I |:(‘1x gx) o0 (J J)D
X + (qy + 27/ th) 0> 27 (X sina + Z cos0)
X fu expli1—
Y4 c cos(f + )
(X +(qy + ZJT/L/tb)Ez)
X fn )
£
Recalling (A.5) and (A.6), we get

2w (X sina + Z cosh) 27 cnony 27 naay
exp|1— =exp|1— X )expl1— Z
c cos(f + ) c acost c a

5 dX dZ exp(—il(qy — qz) + (kK" —k)G31Z)

.27‘[ nzﬁz .
= exp|i1— X Jexp(iG3ny Z),
a cos6

that is,

Lnad(qy — qv) o ,
= AX dZ exp(—i[(q), — qz) + (k' — k — n2)G3]Z
(27)2%a cos O cos(6 + @) exp(—il(gz — gz) +( 12)G31Z)

y Zex i acosf . )+ 2mny G = i)
a pl| 1x L dx —d4x 2 cos0 J J

s (X + (gy + ZJT;L/tb)Zz)eXp(iZ_n nafo X)fn (X + (qy + 271',u/tb)£2>'

M;s

L a cosf 12
We can therefore also calculate the integral over Z:

_ Lny8(qy — qv)8(q, — qz)
(2m)a cos O cos(0 + o)

acoso 21mn,
dx ) i L —qx) + i—
X/ a eXp(lu L [(qx qx) acosG(] J)D

X +(qy +2mp/1b)€* 27 nafty X + (qy + 2/ th) 02
X fu exp|i— X) £, )
b4 a cos6 14

S(K' —k — ny)

With the change (A.8):
X = X + (qy +2mpu/th)¢?
the integral becomes

v — Ln2d(ay — av)élez — q2)
> (2m)a cos O cos(f + )

/d)}z . acos6 « )+ 2mn, G — )
X expl i — —
m P{IH Ln, Ix — 4x acosf I

X f <§) exp<12—” naf g (qv + 2;m/tb)zz)> f (%)

14 a cosb

(k' —k —na)
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the second exponential is rewritten as

27 madt -
exp(i—” M2 % gy + 2yw/zb)zz))
a

cosf
27‘[ nzﬁz 52 ,27‘[52 nzﬁz ,27‘[ nzﬁz 27T/L£2
= ex exp| —1 exp|l —1—
P a cos6 P a cos@qy P a cos6 tb
2mn 2n2 2o
= exp|i— exp(—inatbqy) exp| —i
a 059 L

and

ané(q’y — qy)é(q/z —qz) , / . -
S —k — A% exp(—ifiath
(2m)a cos 6 cos(@ + a) ( n2) exp(—inatbgy)

2 -
x Zexp(w [(qx qx) + afo’fe G'—J- nz)D

X 2]‘[ n2ﬁ2 ~ X
X fu exp X )l =)
a cos6 14
As in the previous case,

. acosf , 2nny L.
E exp{in— (gx —qx) + (J —J—m)
m na acosb

2w L
_ T nzz&((QX—qx)'F

acoso

5 =

9(]—] —n2+Lv))

=8(gx —qx)8(j — j — i) (mod L)

which yields
8(gy —qx)8(qy — qv)8(q, —
Mg = 2x = 9000y = 4100y qZ)«S(j/—j — )8k — k — no) exp(—ifiatbay)
cos(f + )
X 2 . X
< foxn(T)eol TG0 (7)
a cosf
that is,

= 8(q, — q)8(qy — 4,)8(q. — q)8(j" — j — 12)8(k" — k — n2) exp(—ifiathgy)

« / a% fn,(ﬁ) exp( 27 nafiz x) fn<§>.
£ a cosf 12
With the term in exp(—iz%z)
Ms = 8(q, — q:)8(qy — 4,)8(q. — q)8(j' — j +12)8(k" — k + n2) exp(ifiatbgy)

)N( _27‘[ nzflg ~ )N(
dX fu exp| —i— X )| =
a cos6 L
the sum is
/ / / V. ./ . ~ / .~
Ms + Mg = 6(q, — qx)8(qy, — q,)8(q; — 611)7Z {5(1 — ] —m2)d8(k" — k — ny)exp(—inatbgy)

)N( 2 n2ﬁ2 ~ X
[ (7)onl 554 ()

+68(j = j+72)8(k" — k + ny) exp(inathgy)

~ X _27‘[ nzflg ~ X
X dX f 7 exp _170039)( fa 7)1 (A.11)
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We now have the analytic expressions for the terms in x, y and z of the periodic potential.

A.4. The Hy matrix element

We calculate
_ an
"~ (27m)3acosé

acos6 27 n, 2
X exp| iu Y+ i") )exp | —i et —u
; XP(M T <qx acos@j>> XP( y(qy tbu))

f <x cost — zsinf + (g} +27I/L//tb)€2)
X Jn

M, /dx dydz exp(—i(gy, + k'G3)(—x sina + z cos a))

L
x Hyexp(i(qz + kG3)(—x sina + zcosw))

X Zex 1 @cost + 2mna expli +2_rr
p w L qx aCOSQJ pP{ W\ gy tb“

2

f <x cos® — zsinf + (qy +2nu/tb)£2>
X fu .
L

Note the following property:
(, ( 2 )) p2+[(qy + Z 1) + eBx cos® — eBzsin 01 + p?
Hyexp| 1y =

+_
qy tb“

. 27
x exp | iy qy+Eu

which allows the calculation of the integral over y:

_ Lnyd(gy —qv)
0= (2)2a cos O

. acos6 [, 2mny
X exp (i +
; p(u Ln, <qx acos@j
(xcos@—zsin9+(qy+2nu/tb)€2)
X Jw
L

p?+1(gy + &) + eBxcos® — eBzsin 0] + p?
X

2m
x exp(i(qz + kG3)(—x sina + zcosw))

. acoso 2nn, |
x exp| —iu qx + j
Ln, acos6
i (x cosh — zsinf + (gy + ZnM/tb)Ez)
X fn .

4

As has been done previously, we go from (x, z) to (X, Z) and therefore also change the
impulsion components:

2m

dx dz exp(—i(gy, + k'G3)(—x sina + z cos ))

X =xcosf —zsinf px = Pxcos6 — Pzsina
Z = —xsina +zcosa p: = —Pxsin0 + Pz cosa
and
1

x=————(Xcosa+ Zsinb) Px
cos(f + @)

= ——(p,cosa+ p,sina
cos(@ + ) (px Dz )
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1 1
7= ——(Xsina+ Zcosh) Py
cos(f + )

= (pysinf + 9),
cos(f + ) (Pxsin6 + p: cos6)

that is,

pi+pl = (Pxcosf — Pzsine)” + (— Py sinf + Pz cosa)’

= P} + P2 —2cos@sina P P2 — 2sinf cosa P; P2
= Pg+ P; —2sin(0 +a)Px Pz

which, in the new coordinates, reads

B Lnad(qy — qy)
"~ (2m)2acos 6 cos(d + a)

. acos® [, 2mwny X + (qy +2mu/th)e?
> explin—— gk + i) ) f
= ny acosf V4

5 P} +[(gy + Zw)? +eBX)* + PZ — 2sin(0 + a) Px Pz

2m

. . acosf 2nwn, |
x exp(i(gz + kG3)Z) exp| —in gx + j

Ln, acoso
(X +(qy +2mu/th)?
X fn

0 dX dZ exp(—i(gly +k'G3)Z)

) = Moy + M.
14
We start by calculating the term Mj; with

P +[(qy + 3 w)* +eBX? + P}

2m

using
PZexp(i(qz + kG3)Z) = h*(qz + kG3)? exp(i(qz + kG3)Z)
which becomes

B Lnad(qy — qy)
(27)%a cos cos(f + o)

_acos [, 2mn, | X + (qy + 27/ th) 0>
+ n
x ;exp(lu Ln; <qx acos@J ))f < 12

P +[(gy + Z )+ eBX* + 17 (g, + k'G3)?
X

2m

. acos6 2nny | X+ (qy +271u/tb)€2
x exp| —ipn qx + Jil)fa .

Ln, acosf b4

Mo, dX dZ exp(—il(q7 — qz) + (K — k)G3]12)

Since the f,, are harmonic oscillator eigenfunctions,

14

20 7 ’ 2 )
- [(n . l) hoe + M} . (X +(qy + 271/ b ) |
2 2m ¢

P} +[(qy + Zp0)* + eBX? + 1% (g + K G3)? P (X +(qy + 2nu/tb)€2>
2m 8
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Therefore,

Lny8(q), — 1 1% (g, +k'G3)?
Moy = n28(qy — qy) nt N hoe + (g7 +K'G3)
(2m)%a cos B cos(f + o) 2 2m

X /dX dZ exp(—il(qy — qz) + (K —k)G3]Z)
. acosf , 27ny ., .
X ;exp (m I [(qx qx) + T cosf (j ])i|>

X + (qy +2mp/th)e? X + (qy + 2mu/th)e?
X fn’ < ; >fn < ¢ )

and after calculating the integral over Z

Ln,8(q!, — §(q), — 1 72 +kGr)?
MOI = e (qy qY) (qZ qZ) 5k’k n+ - h(,()c + 7012 3)
(2m)a cos 6 cos(f + «) 2 2m

/dXZ . acosé . )+ 2mn; G' = i)
X expl i - -
m P{1H Ln, Ix —ax acosf =

X + (qy +2mu/th) 0> X + (qy + 27/ th) 0>
X Ju ) Z )

the integral over X can be obtained using the orthonormality properties of the oscillator
eigenfunction:

Lna8(ql, — qy)8(q, — 1 12 (g7 + kG3)?
Moy = £ (qy —qv)3(q; —qz) sedmn | (n+ 1) heoe + (qz 3)
(2m)a cos 6 cos(f + a) 2 2m

Z . acosf « )4 2mny G- )
X exp|ip—— — — ,
8 p\ Ln, dx —d4dx 20080 J —J

that is,
8(ql — qx)8(q, — qy)8(q}, — 1 1% (qz + kG3)?
Moy = (gx —9x)8(qy — qv)8(qy QZ)Bk/kanfné,vj 2t Y hoe + (qz 3)
cos(f + @) 2m

Moi = 8(q; — 4x)8(q, — 4,)8(q. — 4:)8kkSun [(n + Dhoc

n? [gccosa+q.sina 2

+— +kGs | |. (A.12)
2m cos(f +a)

The second term is

Ln28(qy — gqv) o
= dX dZ exp(~i(gy +K'G3)Z
(27)2a cos 6 cos(0 + a) exp(—i(qy 3)Z)

Z . acosé ( . 2mny
X exp| i
m PUH Ln, Ix acos@J
f <X+(qy+27tu/tb)€2> —sin(f + «)
X for
l

. acosf 2mwn, | X+ (qy + 2/ th)e?
X exp| —1ip qx + J) )

Ln, acos6 b4

Moy,

. PXPZ exp(i(qz +kG3)Z)
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Lny8(qy — in(® +
Moy = — n28(qy —qv)  sin(6 +a)

gz + kG
(2m)2acosfcos(@ +a) m (gz 3)

X /dX dZ exp(—il(¢y — qz) + (K" —k)G3]Z)

Z acosf 2rny y X+ (gy + 2w/ th)e?
X expl i n
P{IH Ln, qX acos@J L

w

0 2 X +(gy +2 th)e?
XPXeXp(_macos (qx+ ny j))fn( (qy +2mpu/tb) )

Ln, acos6 b4

the integral over Z is

Lnad(qy — qv)3(q; — qz) sin(® + )
(2m)a cos O cos(f + )

2
/dXZexp(lu LO [(qx )+%(]’/—j)D

< f <x +(gy + 27m/tb)€2> Py, <X +(gy + 27m/tb)132> 7

My = — Skih(qz + kG3)

¢ [
that is, with X = X + (qy + 27 ju/th)€2,
Lny8(qy — qv)8(q; — qz) sin(0 +a)

Mor = = (2m)a cos O cos(f + ) Serh(qz +kGs)
. acosO[ 27ny ., .
{2 i -+ 27 )
X X
/den( )Pxfn< )
8(q% — qx)8(q}, — qv)8(q, — in(0 . X
My = — (4x qX)Cf)qleg _:Z)) 4z — 42) Sm(m+ a)h(¢12+kG3)5k'k5j’j/dX fn’(?)
X

X Pxf,,(?) (A.13)
with
/dxfn <X>Pxfn(X>: E\r;— nn—l["‘ \/zan’,nﬂ\’n"'l (A]4)

where the properties of the harmonic oscillator functions have been applied.
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